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Abstract

An analogue of the Dolbeault complex is introduced for regular functions of several
quaternionic variables and studied by means of two different methods. The first one comes
from algebraic analysis (for a thorough treatment see the book Colombo-Sabadini-Sommen-
Struppa, Progress in Mathematical Physics, Birkhduser 2004), the other one relies on sym-
metry of the equations and methods of representation theory (see Colombo-Soucek-Struppa,
J. Geom. Phys. 2006 and Baston, J. Geom. Phys. 1992). The comparison of the two results
allows one to describe the operators appearing in the complex in an explicit form. This
description leads to a duality theorem which is the generalization of the classical Martineau-
Harvey theorem and which is related to hyperfunctions of several quaternionic variables.
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1 Introduction

In recent years, a lot of attention was devoted to problems related to the generalization of the
theory of several complex variables to higher dimension, i.e., to the study of the nullsolutions
of several Dirac operators in a Clifford algebra setting. The purpose of most of these works
is the study of an analogue of the Dolbeault sequence in which the first operator (in higher
dimension) is given by several Dirac operators. The methods used were coming either from
algebraic analysis, and were supported by computational tools like the theory of Grobner bases
(see [1], [3], [6]), or from Clifford analysis (see [11], [12]). In the paper [7] the authors have
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exploited another approach, based on symmetry considerations and on representation theory
(see [4], [13], [14], [15]).

We point out that in algebraic analysis, no attention is paid to the invariance properties of
the operators involved. The standard procedure used to compute the complex is the explicit
computation, step by step, of the syzygies of the maps appearing in the complex. The complexity
of such a computation is doubly exponential, as it was shown in a well known paper of Bayer
and Stillman [5]. If the given operator has a known symmetry, we can use this information to
reduce computational complexity. In general, if the first operator in the sequence is invariant
with respect to a certain symmetry, the same property is shared by all the other operators in
the resolution. The symmetry, in the case of several Cauchy-Fueter operators, has been studied
in [7] and this information will be used in this paper to show the explicit form of the maps
in the complex. The explicit form of the last map in the complex leads to a duality theorem
generalizing the classical Martineau-Harvey duality theorem to the quaternionic setting and thus
describing analytic functionals (which are related to hyperfunctions).

Acknowledgements. The authors wish to thank F. Colombo, V. Soué¢ek, and D.C. Struppa
for the several useful discussions (see [7]) as well as Charles University, George Mason University
and Politecnico di Milano for the support.

2 Notations and preliminary results

The algebra of quaternions will be denoted by H, while a quaternion will be written as ¢ =
xo + ir1 + jro + kas, where xy € R for £ = 0,...,3, and i, j, k are the imaginary units. The
algebra H will be identified with C 4 jC and we will write a quaternion as ¢ = u; + jus where
u1 = oo +ir1 and uy = 9 — irg. The algebra H can also be represented by 2 x 2 matrices with
complex entries. For A =0,1, A’ = 0,1’ we have

~ Moo’ 7o To+ir] —x9 — T3 .
= — = . . 1= —1 1
4= Taa [ mo My ] [ Ty —ixry X0 —iT1 |’ (1)
A natural generalization of the Cauchy—Riemann operator to this setting is the so called
Cauchy-Fueter operator which is defined as (see [16])
0 . .
8—@ = Oy + 10z, + jOr, + kOy,,
with obvious meaning of the symbols. The kernel of 9/9q for differentiable functions gives the
so called regular functions. For the sequel, it is useful to express regularity condition in real
components: a function f is left regular if and only if its four real components fy, f1, fo, f3 satisfy
the following 4 x 4 system of linear constant coefficients differential equations

6950 —8x1 —8x2 _83:3 Jo
a:cl 8900 _8z3 aa:g fl
6952 a{b3 8x0 _axl f2
83;3 —8x2 8x1 aazo f3

To simplify the notation, we will write the previous condition as a matrix multiplication

—

U(D)f =0

and, when considering several quaternionic variables gy = xyy + ixp1 + jxpo + kxy3, we will write

—

Ui(D)f = 0. Note that the conjugate of the Cauchy-Fueter operator 9/dq is associated to the
matrix U?(D), transpose of U(D).



Using the matrix notation (1), the Cauchy-Fueter operator becomes

g ~ VOO, VOI’ _ 8x0 + Za$1 _8332 - 1813
07 | Vi Vi | | Oup =005  Opy — 10z, |’

while the regularity condition can be written, using the spinor notation, in the form

Voo Vor ] [ o ]
/ - O 3
[ Vi Vir ot 3)
where we have set ©* := fo +if1 and ¢! = fo — ifs. Setting
Voo Vor ]
Vaa =
Ad [ Vi Viv

the two equations in (3) can be written as
A —
Vaap™ =0, A=0,1.

In the paper [7] the authors prove that the Cauchy—Fueter complex can be obtained either
using an algebraic approach based on Grobner bases techniques or using the theory of invariant
operators. We quickly summarize their results for sake of completeness.

To get the complex of n Cauchy-Fueter operators in an algebraic way, we consider the system

fo
IS R
- .
Un(D) I3

The algebraic object which encodes some analytic information of the system is the module
M = coker P! where P is the 4n x 4 matrix symbol of P(D). The matrix P has entries in the
ring of polynomials R = C[xzy, %11, T12, 13, - - - , Tno, Tnl, Tn2, Tn3]. A finite free resolution of
the module M can always be constructed according to what is usually called Hilbert’s syzygy
theorem. The maps which appear in the resolution are called the syzygies of M, and they can
be constructed in several different ways, thus such a resolution is not unique. Nonetheless, with
a minimal choice of generators at each step, one obtains a minimal free resolution in which the
ranks of the free modules, i.e. the so called Betti numbers, only depend on the module M and
not on the choice of the syzygies. The resolution in the case of the the module M associated to
the Cauchy-Fueter system in n > 1 variables is very well known (see [2], [3], [6]) and it can be
dualized through the use of the Hom functor to obtain:

0— o Zopn B prns 252 praay (4)

The same complex can be obtained via the representation theory as described in detail in
[7]. The result is the sequence

0 — (CQ &) (C2n &} A3(C2n) & C2®A4(C2n) - ®2n73(c2)®A2n(C2n) —0. (5)

The operators Dj, j = 0,1,...,2n — 4 are given by the composition of the invariant pro-
jection 7 with the gradient Voarp,i = 1,...,n of the field ¢ (or with the second gradient
Ve Vaarp; i,j =1,...,n). We revise their description for sake of completeness. An element



of the representation C? will be denoted by gpA,,A’ = 0,1, while elements in the symmetric
power &7(C?) are symmetric tensor fields denoted by wA/"'El, with j capital roman indices.
Finally, elements of the outer power A¥(C?"), k =1,...,2n — 1 are antisymmetric tensor fields
denoted by ¢a,... 4, with k Greek indices. The symbol V 4o, A’ =0,1, @ = 1,...,2n represents
the gradient, as implicitly defined in (2).

The operator Dy from functions with values in C2 to functions with values C?” can be written
as

[Do(p™ )] = Vaap™.
The operator Dy, of second order, is defined by

[D1(¢)]agy = Varia V5 0o, (6)

where the brackets [...] mean total anti-symmetrization in the corresponding indices. All the
other operators D; are of first order: D; is defined on fields with j — 2 upper indices and j + 1
lower indices by
B'..F'\|A'..F' A" B'.F’'
Di(ef s Nas™ = Via w55 s (7)

where the round parentheses (...) mean the symmetrization in the corresponding indices.

3 The complex for two operators

In this section we will explicitly show how the complex in two quaternionic variables can be
treated with the two different approaches described in the previous section, and we show how
to translate one description into the other.

Theorem 3.1. The Cauchy-Fueter complex for two operators constructed through the Hilbert
syzygy theorem coincides with the complex constructed through invariant operators theory.

Proof. Let us consider two Cauchy-Fueter operators 0/0¢; = 0g,, i = 1,2 and the corresponding

system:
{ a@lf =4g1
8§2f = g2.

This system can be translated into another system of eight real equations that can be written
in matrix form (see Section 2) as

—

P(D)f = 0.

By considering the Fourier transform of this matrix we get

Tor —T11 —T21 —T31
T11 To1r —Z31 Z21
T21 T31 Tor —Z11
P = T31 —x21 T11 Zo1
To2 —T12 —T22 —I32
T12 To2 —L32 Z22
Z22 Z32 To2 —T12
32 —T22 T12 Zo2

and the minimal free resolution of the module M = cokerP? is

0 mt s Mo Pl g



which translates into the complex of operators

4 P(D)

0 — S(U) S 12 sy 28 syt — o ®)

where S is, for example, the sheaf of C*° functions, although one can use other sheaves of
generalized functions such as distributions or hyperfunctions. We know from the general theory
of the Cauchy—Fueter complex (see [1], [2], [3], [6]), that the two quaternionic relations coming
from the matrix P;(D) give the following quaternionic compatibility conditions:

{ 8(11811192 - 8ti2aq1gl =0 o)
03,0491 — 0g, 04,92 = 0.

The complex closes with one more linear condition that is the compatibility condition for the
solvability of the system
{ a@la(hg? - 8@2811191 = h12 (10)
8(128@91 - a(jlaCIQgQ = ha1.

One can easily verify that the condition, coming from Py(D), is
8q1h21 + 6q2h12 =0. (11)

Now we consider the description arising from invariant operator theory. We define the usual
Cauchy-Fueter operators (and their conjugates) as

~ y VZ / VZ / N*Z 7; ’ _VZ /
== [ Gl ol | e V= gl ]

Taking into account the above definitions we have that

i \7J J x7i i ~\7J i \7J
vllo/ lel/ - VZH/ViO/ _vﬁol V(Jn/ + VZHIV%O/

i

>~
0,

In particular with ¢ = 5 we have the Laplace operators

al?i

0 11’v00’ - le’VOI’ :|

According to the discussion in [7], the complex in the case of two operators, can be described as

follows:
0— C2 2o ¢t 2L A3t 22 @ at(ch) —o.

The compatibility relations on the data of the non-homogeneous Cauchy—Fueter system
Vi es) =¥, i=1,2, A Be{0,1},

can be constructed via anti-symmetrization and symmetrization according to (6). It is possible
to show that the compatibility conditions are given by the 3 x 3 minors of the matrix

r 1 1 1 7
v00’ v01’ wO

1 1 1
le’ v11’ wl

2 2 2
v00’ v01’ wO

2 2 2
le’ v11’ wl

5



In fact, consider the four different minors

Voo Vo

i ) )
M =| Viy Vi

J J
Vo Var

and observe that the relations

Ml2
0

can be written as

Mg?
i)

1 2 1 2
VOD/ vlll - vOllvlol

1 2 1 2
v1()’v11’ B v11’v10’

By setting g; = [ %], one verifies that condition (13) corresponds to

and, analogously, the relations

W
i i,je{1,2}, Ae{0,1}
¥
=0, M{»=0
¥
—V(%O/V%O/ + v(l)l/vgol AI 0 %
=0. (13)
1
g
[ _652&11 6@ ath ] [ g; :| =0,
=0, MM=0 (14)

21
M

correspond to 9g,0g,g1 — Og,0g, g2 = 0.
Let us consider the inhomogeneous system arising from (13), (14):

Mg = o)
M2 = of
M = a3
Mp =4t

To close the complex we need to consider the relations one gets taking the suitable symmetriza-
tion and anti-symmetrization of the indices. Once again, it is equivalent to consider the deter-

minants of the two 4 x 4 matrices

r ol
Voar
1

Vi

2
vOA’

2
Vi

1
Voo

1
Vi

2
Vo

2
le’

1
Vou
1
Viy
2
Vo

2
Vi

¥

A e {0,1}.

The determinants, for A’ = 0, 1, give the two conditions:

Voo ®i — Vieds + Viedr — Vieds =0,

Vordt — Vipds + Vot — Vings =0,



that, in matrix form, can be written in the form

1
%
v, V%, v, -vi, 1|%

Vo Vi Vie Vhol|g| 1

b5

A
Using (12) and setting his = [¢} ¢1], ho1 = [ #3], it is immediate to verify that (15) corresponds
to the relation (11) in the complex (8). O

Remark 3.2. The description of the maps in the complex of two Cauchy-Fueter operators is
not new, see e.g. [6].

In the case of the algebraic construction, the fact that the relations found are not only neces-
sary but also sufficient was proved with the use of CoCoA which provides the minimal number of
relations at each step. However CoCoA (and similar computer algebra packages packages) can-
not display the relations in quaternionic form since the syzygies are written in real components
and, in general, it is not possible to automatically group the various real relations to obtain
quaternionic ones. The main advantage of the construction through the representation theory
is that it provides a method to write the relations in the complex explicitly, taking also into
account the invariance of the operators involved, so that they can be more easily grouped to
produce quaternionic relations.

We conclude this section presenting a duality theorem which is related to the definition
of hyperfunctions in two quaternionic variables through the last map P»(D) of the Cauchy—
Fueter complex (see [6], Theorem 2.1.11 and [9]). To state the theorem and its proof, we set
the following definitions. Let S be the sheaf of infinitely differentiable functions, let R be the
sheaf of (left) regular functions in H?2, and let S@ the sheaf of infinitely differentiable functions
solutions to the equation Q(D)f = 0. Then we have:

Theorem 3.3. Let K be a compact convex set in H2. Let Po(D) be as in (8) and let Q(D) =
PY{(D). Then we have:
Hig (H?, R) = [R(K)]'. (16)

Proof. Tt is known (see [1]) that Extg%(M, R) =0 for j =0,1,2, so we have
Hi (H?, 89) = [R(K)].

The proof of Theorem 4.1 shows that the matrix P5(D) is associated to the operator [0/0q2 0/0q1]
and so Py(D) = [U4(D) UL(D)]. Being Q(D) = Pi(D) we get the statement. O

4 The complex for n > 3 operators

We now consider n > 3 operators. In this case we know the length of the complex, the number
of relations at each step and their degree, see ([3], [6], [7]). The explicit description of the first
syzygies is known, but it was unknown, so far, an explicit description of the other maps appearing
in the complex. The presence of the exceptional syzygies (see below) which involves operators
containing only two of the four possible derivatives, makes it hard (and perhaps impossible)
to write the next relations using only the Cauchy—Fueter operators in the various quaternionic



variables. The procedure we will illustrate in this paper allows to provide the needed description
of all the maps. The first syzygies appearing in the complex are as in the next result, in which
we show that they can be equivalently obtained using the description (5).

Theorem 4.1. The compatibility conditions of the system
3@ =0
8(? = 9n

are the following:

(1) for each of the 2(3) ordered pairs of indices T, s, 1 <r,s<n
8@7“8(]595 - 8658QS9T =0
(2) for each of the (g) triples of indices h, r, s, 1 <h,r,s<mn
8‘]}18@7'95 + 8QTthgs - 8@58117"9]1 - 8(j58qhgr =0

and
aqTatisgh + aqsatirgh - 8‘7]16(11”95 - 8(711861597‘ =0,

(8) for each of the (g) triples of indices h, v, s, 1 < h,r,s <n
(DQT'aqs - DQSaqr)gh =+ (DQSa‘jh - D‘]h8‘js)g7’ + (tha‘jr - D‘b'aq}z)gs = 07
(D;T&B — Dilsaqr)gh + (D;Sé?qh — D;haqs)gr + (Dghaqr - D;Taqh)gs = 0,

where

Dy, = —JO0z,, + KOy

i3

Dy, = —i0y;, + kO,
These conditions can be obtained via the complezx (5).

Remark 4.2. Note that it is possible to write at least two other possible syzygies of the above
form (3), but they are redundant:
8‘Isa(jhg7' + G(Ihaqsgr - aqTangh - 6(77‘8%193 =0

and
(D;’r(%s - Dgsaqr)gh + (Dgsaqh - _D;/haqs)gr + (DghaqT - Dgraqh)gs — 0,

where
1 . .
D an — 18121 _-18122‘

Proof. Let us consider first the case n = 3. The complex arising from this construction is

0 — €2 2% €8 25 A3(C%) 22 C2@ AY(C) 25 02(C?) @ A% (CY) 25 03 (C) @AY (CP) — 0.
(17)



From the previous discussion, one may argue that the 3 x 3 minors of the matrix

Voo Vo o
Vig Vir ¢
Vv Viv v s
Vie Viv ¥ "

3 3 3
v00’ v01’ Q,ZJO

3 3 3
le’ vll’ wl

give the compatibility relations on the data of the system
Viwes) =vh, i=1,23 AA B €{0,1}.
We define the following 12 minors for A =0,1;4,5 = 1,2, 3:
Voo Vor ¥
Mixj = vz‘10' vlil’ Wi
Vig Var ¥
and also the 8 minors for A, B,C' =0, 1:
Vi Vi ¥4
Mapc = | Viy Viy ¥
Véo Ver vé

It is now possible to show that the minors Milj correspond to the 6 quaternionic syzygies involving
just two indices i,j € {1,2,3}, i.e.

8%8!]@'9]' - 8%‘8(11'91' =0. (19)

For sake of simplicity we work with ¢ = 1 and j = 2, since the other cases are similar. The
relation M2 =0, A = 0,1 can be written as

- /lj}é -
i
V(l)()/v%ll - V(l]ll V%O/ —V(l)OIV%O/ + v%olvgol Al O 0 0

2
Yl —0 (20
¥i
V(l)yV%l/ - Vh/vgl/ —V(IH/V%O/ + Vhlvgol 0 Al 0 0
v
| i ]




where we have set Ay = V}, V1, —V},, V1. We now observe that the equation (20) correspond
to (19) for ¢ = 1, j = 2. Similarly, the other syzygies involving only two indices i, j can be
obtained as

MY =M =o.
Let us consider the syzygies of the form (2) in the statement. The triples of indices (h,r, s) take
the values 1 < h,r, s < 3 so that we get two independent relations, e.g.

a‘h 81?293 + 811266193 - a@satth - 8@3611291 =0 (21)
and
8611 8@392 + 6%66192 - 6@28(1391 - 6528%91 = 0. (22)

We may verify that the syzygies above correspond to the following systems:

{ Moo — Migo =0 and { Mo — Moin =0

23
Mo11 — Miopr =0 Moo — Moor =0 (23)

in fact, the system on the left in (23) can be written in matrix form as

_ _ _ _ ¢2
[ —Via Vi ~ViaVaa VaaVia +ViaVia 1| 5 | =0,

3
0

LY

where V4 4/, Vi, @ = 1,2,3, are as in (12). By setting g; = [¢) i]’, it is easy to verify
that this matrix relation corresponds to (21). In an analogous way, the system on the right
corresponds to (22).

Let us consider the syzygies of the third type. The operators Dy, th, D(’J’i can be represented
by the following 2 x 2 matrices with complex entries:

D, = |: 0 61’ :| D 1 |: 31’ o véO’ viO’ +v61’ :|

7 g o 7 7 T v4)
1w 0 o2 o+ Vie Vog — Vip

I~ 1 |: 00/ - Vlll vw/ - 01/ :|

) 0 — Vie Viy — Vi
(Dq2a<i3 - Dqsa(b)gl + (Dg30q — Dgy0g5)92 + (Dgy O, — Dy 0, )93 = 0, (24)
(Dilzaqii - D:]3a(12)gl + (D£13aql - ‘D:na‘h)gz + (‘Délla‘b - D;Z&h )93 = O (25)

With some computations similar to those already done in the other cases, one gets that the
syzygies above correspond to the systems:

Mior — Miip =0 { Moo =0
and 26
{ Moor — Moo =0 = (26)

Note that this description is not affected by the fact we are considering only three variables,
since it can be repeated for any choice of indices A, B, C' in the definition of the matrices MY
and Mapc. So the proof holds in the general case n > 3. 0

10



We can go further with the description of the maps in the complex. Let us consider again
the case of three operators. We consider the nonhomogeneous system

8qr8qsgs—6@8qsgr :hrs r,s = 1,2,3

8f11 811293 + 8(1286193 - atfsathgl - aq738q192 =al

0450g,92 + g1 03592 — 03,04, 93 — g 0391 = a2

(Dlha@ - DQQaﬁ)gB + (D(Dal?s - DQ38§2)91 + (DQ:«;B% - Dlha%)g? = by,
(D:ha@ - D:pa‘?l)g?) + <D¢/128173 - D/qgaqg)gl + (D‘/136‘71 — qulaqg)gg = bo.

The second syzygies can be obtained as the maximal minors of the matrix obtained by adding
to (18) a column of the type

v(ll] "
V%A/
Vg "
VIA/
v§ "
le/

(27)

where A’ = 0,1. This amounts to compute Vﬁy Mg.s5 where A = 0,1 and a, ..., are different
indices associated to the rows 3,7, of the matrix and thus varying in {1,...,6}. When dealing
with 4 X 4 minors involving only two different upper indices, we get relations of the type (15)
which can be rewritten as

Dg;hji + Og;hij = 0.

Remark 4.3. We do not intend to write explicitly all the second syzygies, but we wish to point
out that not all the relations can be written using the Cauchy-Fueter operator. For example,
again in the case n = 3, we obtain

1 1 . 1 .
Dq3h21 — Dq2h31 — qulal + §Dq1a2 — Dqlbl — g DqlBQ =0
. . 1 . 1 . - 1 -
Dq3h21 — Dq2h31 — 5 Dqlal + g Dq1a2 — Dqlbl — g DqlBQ =0,

where we have set Dy, = (Ou; + 104,,)-

Following the same procedure, we can write not only the third syzygies by computing the minors
of the 5 x 6 matrices that we obtain by adding two columns of the type (27) to the matrix (18),
but also all the other syzygies in the resolution. In the following theorem we describe the map
PL. (D), last in the complex.

Theorem 4.4. The last map Pon—2(D) in the Cauchy-Fueter complexr in n > 3 operators is
associated to the operator:

Oy Oy O . 0 o . 0 . 0 . 0 0 . 0
0 .. 0 Dy .. D, —Dg Dy, 0 0 0 0
0 0 0 0 0 0 Dy .. D, -Dg Dy,

11



Proof. At the final step we have to consider the matrices obtained from
[ Voo Vor %o ]
1 1 1
Vie Vir ¥

2 2 2
vOO’ V01’ 1/)0

2 2 2 (29)
Vie Viv ¥
Voo Vo %o
L Vie Viv ¢1 ]
by adding 2n — 3 columns of the type i i
v(i] "
Vi
Vi
L Vi |
where A’ = 0,1. The index A’ runs on the 2n — 2 possibilities: (0,0,...,0), (1,0,...,0),
(1,1,...,0), (1,1,...,1). We obtain 2n — 2 square matrices of dimension 2n whose determinants

can be written, according to the Laplace theorem, by multiplying each elements in the leftmost
column by the corresponding minors. Note that only the first two possibilities (0,0, ...,0),

(1,0,...,0) involve the same (2n — 1) x (2n — 1) minors. Therefore, last matrix can be written
as
Vi, . =V& . 0 0 . 0 0 0 0o . 0 0 ]
—Vig -~ Vi . 0 0 . 0 0 0 o . 0 0
0 . 0 . Vi 0 . Vi o0 0 -Vi, . 0 -Vi,
.0 . o0 . 0 Vi, . 0 Vy -Vi 0 . -Vy 0 |
(30)
or, in quaternionic form as (28). O

As we have already pointed out, last map Q(D) = P}, _,(D) in the complex is the most
important in our description since it allows to prove a duality theorem generalizing the classical
Martineau-Harvey theorem (see e.g. [8]) which is related to the definition of hyperfunctions
in several quaternionic variables (cfr. Theorem 3.3). It is important to note that the matrix
(28) involves the operators 0/dq, which, in real components, are associated to the matrices
Ul(D). Then the transpose of (28) involves the operators Uy(D) associated to the regularity
condition and the sheaf S? of infinitely differentiable solutions to the equation Q(D)F = 0 can
be described as follows

Proposition 4.5. The elements of the sheaf S9 are (n — 1)-tuples F = (f1,..., fa1)* of
infinitely differentiable functions such that f;, 7 = 1,...,n — 1 are reqular with respect to the
variables qi, ..., qn, and where f;, j > 2 satisfy (Opy, + i04,,)f; =0 for any £ =1,... n.

12



Proof. Let us consider the system Q(D)F = 0 where Q(D) = P%, _,(D) is given is (28). This

translates into the fact that f;, j = 1,...,n is regular with respect to all the variables q1,...,q,
while each f;, j = 2,...n — 1 satisfy the system (0;,, +104,,)fj = (§0s,, + kOy,,) f; = 0, for any
£ =1,...n. By taking the sum of these last two relations we get the statement. O

The duality theorem, whose proof is immediate if one observe that Ext%(M ,R) = 0 for
j=1,...,2n — 2 (see [6], Theorem 2.1.11 and [9]) is:

Theorem 4.6. Let K be a compact convex set in H" and set Q = P4 _,. Let 89 as in
Proposition 4.5 and let R be the sheaf of (left) reqular functions. Then

HP2 7Y (H", S9) = [R(K)) (31)
and

HPZP N H",R) = [SY(K))].
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