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Abstract. The Dolbeault sequence is a fundamental tool for many problems inuthetién theory of several complex
variables. A lot of attention was paid in the last decades to its analogue imtttofutheory of several Clifford variables. The
first operator in this resolution is the Dirac operator in several variables.complete description is known in dimension 4
(i.e., in the case of quaternionic variables, see [1, 6, 4]). Much lds®isn in higher dimensions. The case of three variables
was described completely (see [18]). The full description of the caxfioleall dimensions is not known at present. Even
the case of the stable range (i.e., when the number of variables is lesmalrto the half of dimension) is still not fully
understood.

There are two different approaches to the stable range case, mtkdraslassical algebraic geometry (the Hilbert syzygy
theory, see [8]), the other one on representation theory (differénti@tiants in certain parabolic geometries, see [14, 20]).
Differential operators in these resolutions are acting on vector-valinatidns. Such spaces of functions are quite complicated
in general and the first problem in the description of the resolution is torstaael their dimensions. Both the approaches
mentioned above suggest an answer to this question, although suctrauhmek quite different. The aim of the paper is to
compare these two results and to show that they lead to complicated comiaindtmtities.
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THE ANALOGUE OF THE DOLBEAULT SEQUENCE

The Dirac operatody = €10y, + - - - + emdx,, generalizes the well known Cauchy-Riemann operéter dy +-idy from
complex analysis to hypercomplex analysis. It acts on fanstdefined on an open subsefRA, we shall consider
here values in an irreducib&pin'm) representatioy. A natural problem in Clifford analysis is to study the spate
monogenic functions, which constitutes the kernel of th@®operator (for details, see [12]). A natural generalirat
of the theory of several complex variables is then the stddyotutions of the Dirac operatap .= (dy,, . ..,0d,) in
several Clifford variables. The operat@y is now acting on functions defined on open subset&IR)k with values in
the spinor representatich,.

We would like to describe compatibility conditions for theaage of@f = Y. More precisely, we want to

characterizé-tuples(gs, . . .,,dk) on the right hand side of the system
5X1f = g]_
: ; 1)
axkf = O

as a kernel of a suitable differential operal@g}. Here the functiong; are of the same type as the functidn
Continuing in the same way with the system associateﬂ?@pwe are looking for a sequenc@,ﬁ, j=1,...,t of
differential operators which form a resolution of the firgesatorZ?. If W; denotes the values of the functions at
each step and@’ (W) denotes smooth maps ¢R™)k with values inW;, we want to find a complex
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which is (locally) exact. We will present in turn two differeapproaches to the construction of such resolution.



BETTI NUMBERS

The first method is to apply (at least for small valuekafnd m) the algebraic techniques described in [8] and to
construct a free resolution of the modaleker(P'), whereP is the symbol matrix of the operat@i := (d, ,. .., 0, )
Dualizing it, one obtains a complex of polynomial maps armee fmodules
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Each map in the complex can be viewed as the symbol of a diffieteoperator. The conditioR 1 0P = 0 means
thatP. 1 encodes the compatibility conditions for the system of ¢éiqna associated tB (see [8]). Suppose that we
are in the stable range, i.m > 2k wheren denotes the dimension of the spinor sp&ge Let us introduce the ring
R:= C[x11,...,Xm and let the matri® € Mat, 5 (R) represent the symbol of the operaeacting on spinor valued
functions on(R™). Then the associated modulé := coker(P') = R"/im(P!) has a finite free resolution
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The integerB;j is theith graded Betti number in degrge Another important invariant for the module is its Hilbert

series”,(2) =y dimc ()2 where.#; is the j'" graded component of7. Computational evidence in this case
shows [10] that the Hilbert series is
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The relation between the Hilbert numeraktiN(z) and the graded Betti numbers is (see [13])
d t o
HN(z) = (-1)'B;2. (5)
2y

One defines )
1 d!

1= 5 g (AP a-2(%))

z=0’

so the numerator iBIN(z) = nZ?:o B;z' and we have that

. min(igélﬁ (—1)t<<|t§)> ((szlt)) ©

t=max0,j— (%))

Unfortunately, it is only when the resolution is "pure”..ifer all i there exists exactly ongsuch thai3;; # 0, that the
Hilbert numerator actually determines the Betti number&udr case, this happens only wheg: 2 [8].

INVARIANT DIFFERENTIAL OPERATORS, WEYL DIMENSION FORMULA

The Dirac operator is invariant with respect to the group fi@gonal transformations but it is invariant also with
respect to a bigger group of conformal transformation. TiradoperatorZy in several variables is clearly invariant
with respect to the produ@L, x Spinm) (the second factor acts on each variable separately by thesponding
rotations, while the first one permutes them; at the same teenents irSpin(m) act by left multiplication on the
values of the functions). Moreover, the operatyis invariant (in a suitable interpretation, for details §b4]) with
respect to a (bigger) parabolic subgrdipf the groupG = Spink+1,m+1).

The main tool used in the second method for the construcfitimeaesolution is to use this bigger invariance of the
first operatorZy and to build the resolution from differential operators ingvthe same invariance properties. Some
steps in this direction were made in [14] (using the dual fdation in terms of Verma module homomorphisms) and
in [15] (using the Penrose transform techniques, as exgdaim [3, 2]). As a result of this approach, one gets a clear
description of the spaces in which the functions take valexgsressed in terms of the so called Hasse graph.



The spinor representatidy, can be considered as a representation of the Levi f&&tar R, x SL(k) x Spin(m),
which can be characterized by its highest weight for a Castéralgebra os. The Hasse graph is defined to be the
orbit of the affine action of the Weyl grolpy of G. The Hasse graph was computed in [14], where it is possiblado fi
more details. We would like to compute dimensions of theesponding modules, hence we can consider the spaces
Vj,j=1,...,t as modules over the semi-simple pat{k) x Spin(m) of Go.

There is a one-to-one correspondence between irreduepiesentations of the product of two groups and tensor
products of irreducible representations of individualtdas. In our case, the second factor in the tensor productt wil
always be an irreducibl8 pinm) moduleSy,, hence an irreducible module for the prod&ti(k) x Spinm) will be
denoted by a highest weight= (A1,...,Ax), A € Z for SL(k). Given a weightA, let us denote by’ its conjugate,

i.e. A’; = #{i|]Ai > j}. Note that if we use the Young (or Ferrers) diagrams instédudghest weights, conjugation
corresponds to a reflection of the diagram along the diagétalour purposes, we shall need only weights of the
formA = (Ag,...,Ax) withk> A1 > ... > A > 0 andA = A’. Let us denote the set of such weights by the symigol

We define a functioro on <7 by g(A) = SX(A; — j+1)*, where(a)*,a € R denotesnax0,a). For example,
0((3,2,1)) =3+1+0=4. In terms of diagramsg(A) equals to the number of boxes below or on the diagonal.
Values ofa(A) clearly belong to the intervat O, (kzl) >, the maximum being achieved far= (k,... k).

We can now compute dimensions of the spa@gsippearing in the resolution by invariant operators in thleddong

way. The length of the resolutions will be= (“3*) and
. k+1
Wi~ ®)ewo)=jV2 ®Sm, j=0..., ( 5 >
The dimension of the modul&g, equals tan and the dimension d¥, can be computed by the formula
gk — (A1+k—1)!(/\2+k—2)!~--)\k! 7
AT (k=1l(k—2)!---21(h)

where the ternT](h) is the product of all the hook lengths associated to the FeiegiramA. Hence we have an
explicit formula for the dimension of the spacés.

THE CONJECTURE

We can now compare the results coming from both approachesg&Vin such a way some nontrivial relations
involving various combinatorial quantities. The form oétimvariant resolution shows that the graded Betti numbers
can be expressed easily using the dimensions of individuadlucible representations appearing in the invariant
resolution. In particularf3; equals ton times the sum of dimensions of afl, over the set of all weightsr with
o(A)=jand|A| =i. Using the relation with the Hilbert series numerator, wetgetfollowing conjecture.
Conjecture

For every nonnegative integer |, the j-th coefficient of thibétt numerator associated to the Dirac operator in k

variables is
B = ; (—1)°™ dX.
A=ATTA =]

In low dimensions, the relations can be checked expliditlg. have checked them ftr< 6 also using CoCoA [5].
For example, fok = 4, we get

HN(z) = 26 — 42854 207*® — 207'% — 362 + 64710+ 207° — 9022 + 207" + 642° — 362° — 207" + 207° — 4z+ 1.
On the other hand, 16 (nontrivial) graded Betti numberswated using Weyl dimension formula (7) are given by
BOO = 17 Bll = 4a BZ3 = 207 B34 = 207 B35 = 367 B46 = 647 B58 = 45» 369 = 20)

Ba7 = 20, Bag = 45, Bs.10 = 64, 87,11 = 36, 7,12 = 20, B3 13 = 20, fo.15 = 4, Bro16 = 1.

Using the relation (5) , we see that the resulting coeffisi@mthe Hilbert series coincides, hence both resolutions
have the same dimensions of the spadgsj = 1,...,t.

It is probable that the conjecture above will be proved sopriusther development of methods used for both
approaches to the construction of analogues of the Dolbesadlution.
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