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OUTLINE

1. Regularity: left or right?

2. Some experiments with CoCoA

3. Compatibility conditions and free resolution

4. Non commutative syzygies: a question...

5. Conclusions
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REGULARITY

Quaternions : H*" = {(q1,...,Gn,DP1s---+Pn)}

Qi = Tyo + x4 + Joe2 + K3 Pt = Yo + 1y + Jyee + Kyes
LEFT Cauchy-Fueter operator t=1...n
Dgt (951%0 —|_ 8x +J8xt2 + kaxtg

RIGHT Cauchy-Fueter operator

9 Kk

_ 0 . o0
Drt_ 0Y+o + oY1 1+ 3yt2*] + 0Y¢3
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BIREGULAR FUNCTIONS

differentiable functions f H*" — H

f is biregular on Q C H?" if it satisfies the system of equations

)
Dﬁl f(q7 p) — O
D p—

) De.f (a,p) 0 for each(q, p) € Q2
DTl f(q7 p) — O

D fla,p) = 0
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BIREGULAR FUNCTIONS

differentiable functions f H*" — H

consider the inhomogeneous system of PDEs - with data gy,, g,

p
Dgl f(q7 p) — gﬁl
D ; —
; ¢, f(a,P) tn for each(q, p) € 2
Dm f(q7 p) - grl
\ Drnf(qa p) — grn
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ALGEBRAIC ANALYSIS

symbols — matrices with entries in R = C|x10, . .

a313750 8513151
aivtl aCI?tO
8%2 8%53
i aﬂct:% _8%2
ayto _aytl
89751 8%0
ath _ayt?)
| 8%3 8%2
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ALGEBRAIC ANALYSIS

compact form of the double Cauchy-Fueter system: P(D) f=gq
we study algebraic properties of R*/M, where M = { rows of P )
— compatibility conditions of the system = syzygies of M

More in general we are interested in the free resolution:

0— R — RPs-+ — . — RP —>R50%R4/M—>O
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EXAMPLES WITH CoCoA

It is time for a DEMO!
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FREE RESOLUTION n >3

e The length of the resolution is 4n — 2
e Betti numbers: o.— RP — S R R0

2n — 1\ (2n — 1\ i+ 1 —d
— 4n? , , — , d>1.
b H_Ej:d( l )( J )zy—l—l—i—d

e The resolution becomes linear at the step 2n + 2
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INGREDIENTS

e LT(M) =LT(M,) ® LT(M,) C R*

o LT(M)=A4(I)=1Te1 ®les ®les D ley, i =1,2

o[ =11l = R/I =2 R/I;, ® R/I,

o Hilbert Series Hpa/p(t) = 4(1(11(?);222

e A minimal regular sequence for M has length 4n — 2
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TENSOR PRODUCT WRONG!

Left 0— R*(—4) — R®(-3) — R®(-1) — R* — 0

®

Right 0— R*(—4) — R®(-3) — R®(-1) — R* — 0

..— R'%9(—4) — R°*(-2) ® R°*(-3) — R°*(-1) — R'®* — 0
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TENSOR PRODUCT ALMOST...

Left 0— R'(-4) — R?*(-3) — R?*(-1) — R' — 0

®

Right 0— R'(—-4) — R?*(-3) — R?*(-1) — R' — 0

..— R'Y9(-4) — R*(-2)® R*(-3) — R*(-1) — R' — 0
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TENSOR PRODUCT CORRECT!

Left 0— R'(-4) — R?*(-3) — R?*(-1) — R' — 0
®
Right 0— R'(—-4) — R?*(-3) — R?*(-1) — R' — 0
|} times 4

..— R*Y(-4) — R'°(-2)® R'®(-3) — R'°(-1) — R* — 0
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BIREGULAR FUNCTIONS

differentiable functions f H*" — H

consider the inhomogeneous system of PDEs - with data gy,, g,

p
Dgl f(q7 p) — gﬁl
D ; —
; ¢, f(a,P) tn for each(q, p) € 2
Dm f(q7 p) - grl
\ Drnf(qa p) — grn
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COMPATIBILITY CONDITIONS

e Koszul type: n?

Dﬁigrj — Drjgﬁi i,j S {17---777’}

e Radial type: 4(727’) —|—4(g’) i,j €{1l,....,n}i#£]J

Dy Dyjge; = D%jgﬁi
DiDgigor + D Deigor = Do Deigej + Do Dojgei

e Exceptional: 4(3) 1<i<ji<k<n
(D Dej—Dy; Dei)ger+(Dyp; Do — Dy Do) goi+ (D Doi— D7y Dex ) gej = 0

(D Dej—DY; Dei)gen+(Dy; Dore— Dy Dig) geit+ (D Dei— Dy Dex ) gej = 0
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COMPATIBILITY CONDITIONS

e Koszul type: n?

Dﬁigrj — Drjgﬁi i,j S {17---777’}

e Radial type: 4(727’) —|—4(§) i,j €{1l,....,n}i#£]J

DriDrjgrj — D%jgm’
DriDrjgrk + Derrigrk — DrkDm'grj + DrkDrjgm’

e Exceptional: 4(3) 1<i<ji<k<n
(D3iDrj= D5 Dri) e+ (Dyy Dok = Doy D) grit- (Dl Dri— Dl Dk ) grj = 0

(DZiD'rj_D;ijri)grk+(D;~/jDrk_D”k;Drj)gm"F(DZkDri_DZiDrk)grj =0

r
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INGREDIENTS

e An element of the Grobner Basis of M involves at most 2

quaternionic indices

e A syzygy involves it at most 4 indices, actually 3

¢ Lemma:
Aq,..., A, B operators

Syz(Aq,...,Ap) = Syz(Ai,...,A,, B)
A;B = BA;
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Suppose we have 2 sets of symbols A,
ring R

Suppose we know:
® AZBJ — BJAZ
® SyZ(Al,...,An> C'R"

e Syz(Bi,...,B,) CR™

Question: Can we describe Syz(Aq,..
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...,A,and By,...,B,, in a

. An,B1,...,Bm) ?
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R = (A1, As, By, By) such that A% = A3 =1 and B? = B3 = —1
A;B; = BjA;, 1, =1,2

= Syz(A1, As) = ((A1, —As)) Syz(Bi1, Bs) = ((B1,—B3))

is it enough to describe Syz(Ay, As, By, B2)?

Koszul: (Bl, O, —Al, O), (BQ, O, O, —Ag), (O, Bl, —AQ, O), (O, BQ, 0, —Ag)
Expected: (Al, —AQ, 0, O), (O, O, Bl, —Bg)

e (A1,0,B1,0) and (0, A, 0, By) are syzygies too!
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CONCLUSIONS

1. Grobner Basis theory (and CoCoA) allowed to perform the
algebraic analysis of the module associated to biregular

functions.
2. Key ingredient: LT(M) = A4(I) — apply to Dirac system
3. Syzygies for left operators and right operators ”"mix well”

4. Problem: describe when they DO NOT mix well...
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