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OUTLINE

1. Rarita–Scwhinger operator in real dimension 3

2. The complex associated to 1, 2 and more operators

3. Exactness, compatibility conditions, algebraic properties

4. Rarita–Scwhinger in real dimension 4 : some experiments
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DEFINITION dimension 3

(ρm, Vm) irreducible representation of SU(2), (ρ2, V2) ' (ad,R3 ⊗ C),

(ρm, Vm)⊗ (ρ2, V2) ' (ρm+2, Vm+2)⊕ (ρm, Vm)⊕ (ρm−2, Vm−2)

∇S : Γ(Sm)−→Γ(Sm ⊗ T ∗(M))

Γ(Sm⊗T ∗M) ' Γ(Sm+2)⊕Γ(Sm)⊕Γ(Sm−2) π+, π0, π− projections

RS := π0 ◦ ∇S : Γ(S3)−→Γ(S3)

we need now local coordinates...
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FLAT REPRESENTATION [Y.Homma using mathematica]

{ei}i=1..3 a basis of R3 {zk}k=0..m a basis of Vm

Dm =
P3

i=1 ρ0
m(ei) · ∇ei : Γ(Sm)−→Γ(Sm)
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FLAT REPRESENTATION [Y.Homma using mathematica]
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Rarita–Schwinger System

differentiable functions f, g1, . . . , gn : U ⊆ (R3)n −→ V3

consider the inhomogeneous system of PDEs - with data g1 . . . gn





RS1f = g1

· · ·
RSnf = gn

It can be written in the form P (D)f = g where

P is a matrix of polynomials in R := C[xt
i]

t=1..n
i=1..3 ,

D = (−i ∂
∂x1

1
, . . . ,−i ∂

∂xn
3
).

Alberto Damiano,EČC Srni 2006



ALGEBRAIC ANALYSIS

compact form of the system: P (D)f = g

we study algebraic properties of Rs/M , where M = 〈 rows of P 〉

−→ compatibility conditions of the system = syzygies of M

More in general we are interested in the free resolution:

0 −→ Rβs −→ Rβs−1 −→ . . . −→ Rβ1 −→ Rβ0 −→ R4/M −→ 0
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Matrix Representation (with opportune coordinates):

Cauchy − Fueter :




∂xt0 −∂xt1 −∂xt2 −∂xt3

∂xt1 ∂xt0 −∂xt3 ∂xt2

∂xt2 ∂xt3 ∂xt0 −∂xt1

∂xt3 −∂xt2 ∂xt1 ∂xt0







f0

f1

f2

f3




= 0,

Rarita− Scwhinger :




∂Xt1 ∂Xt3 0 0

∂Xt2 ∂Xt1 2∂Xt3 0

0 2∂Xt2 −∂Xt1 ∂Xt3

0 0 ∂Xt2 −∂Xt1







f0

f1

f2

f3




= 0
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Matrix Representation (continued):

Moisil− Theodorescu :




0 −∂xt1 −∂xt2 −∂xt3

∂xt1 0 −∂xt3 ∂xt2

∂xt2 ∂xt3 0 −∂xt1

∂xt3 −∂xt2 ∂xt1 0







f0

f1

f2

f3




= 0,

Rarita− Scwhinger :




∂Xt1 ∂Xt3 0 0

∂Xt2 ∂Xt1 2∂Xt3 0

0 2∂Xt2 −∂Xt1 ∂Xt3

0 0 ∂Xt2 −∂Xt1







f0

f1

f2

f3




= 0
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FREE RESOLUTION n = 1, 2

n = 1 : 0−→R(−1)4 P T

−→R4−→ 0

n = 2 : 0−→R(−4)4
P T

2−→R(−3)8
P T

1−→R(−1)8 P T

−→R4−→ 0

where P1 and P2 involves Rarita–Schwinger like operators (invariant?)
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FREE RESOLUTION n ≥ 3

• Cauchy-Fueter and Rarita-Schwinger have the same free resolution:

0 −→ R
β2n−1

(−2n) −→ . . . −→ Rβ3
(−4) −→ Rβ2

(−3) −→ R4n
(−1)

P T

−→R4 −→ 0

βd = 4n

(
2n− 1

d

)
d− 1
d + 1

, d > 1.

• It can be proved used standard Gröbner Basis techniques
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Remarks

• Key ingredient: Hilbert series HR4/M (z) = 4 1+(n−1)z
(1−z)n+1

• The algebraic dual of the free resolution is exact.

• This implies exactness at the level of sheaves [e.g. S = C∞(R3n)]

0 −→ SP −→ Sβ0
P (D)−→ Sβ1

P1(D)−→ . . . −→ Sβ2n−1 −→ 0

• Is it the same as the complex of invariant operators?
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Compatibility conditions

• Key ingredient:

Cij := R̃SiRSj − R̃SjRSi = 5(∂Xi2∂Xj3 − ∂Xi3∂Xj2)I4

• Relations at the first step include:

(Cij + RSiR̃Sj)gi −RSiR̃Sigj = 0 i 6= j

• Relations at the second step include:

RS′ihij −RS′jhji = 0 i < j

• This implies the existence of ”exceptional” syzygies for n > 2...
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Dimension Four m = 4

Penrose notation: ∇AḂϕABȦ = 0 Rarita-Scwhinger equation




∇00̇ 0 ∇10̇ 0 0 0

0 ∇00̇ 0 ∇10̇ 0 0

0 0 ∇00̇ 0 ∇10̇ 0

0 ∇01̇ 0 ∇11̇ 0 0

0 0 ∇01̇ 0 ∇11̇ 0

0 0 0 ∇01̇ 0 ∇11̇







ϕ000̇

ϕ001̇

ϕ100̇

ϕ101̇

ϕ110̇

ϕ111




= 0
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Some Experiments m = 4

• n = 1 : 0−→R6 RS−→R6
(1) −→ 0

• n = 2 : 0−→R6 RS−→R12
(1)

P1−→R2
(2) ⊕R8

(3)−→R4
(4) −→ 0

• n = 3 :

0 → R6 RS−→R18
(1)

P1−→R6
(2) ⊕R38

(3)−→R60
(4)−→R36

(5)−→R8
(6) → 0
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