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OUTLINE

1. Several Dirac operators in representation theory

2. Several Dirac operators in algebraic analysis

3. Where do the two approaches come together?
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CLIFFORD ANALYSIS multi-variable Dirac

Clifford algebra : Cn = 〈e1, . . . en | eiej + ejei = −2δij , i, j = 1 . . . n〉

real variables x1, . . . , xk ∈ Rn, xi = (xi1, . . . , xin), i = 1 . . . k

differentiable functions f : (Rn)k −→ Cn

Dirac operator ∂xi
=

∑
j ej

∂
∂xij

, i = 1 . . . k

Dirac System defining monogenic functions





∂x1
f = 0

...

∂xk
f = 0
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CLIFFORD ANALYSIS multi-variable Dirac

Clifford algebra : Cn = 〈e1, . . . en | eiej + ejei = −2δij , i, j = 1 . . . n〉

real variables x1, . . . , xk ∈ Rn, xi = (xi1, . . . , xin), i = 1 . . . k

differentiable functions f : (Rn)k −→ Cn

Dirac operator ∂xi
=

∑
j ej

∂
∂xij

, i = 1 . . . k

Non-homogenous Dirac System





∂x1
f = g1

...

∂xk
f = gk
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GEOMETRIC APPROACH P. Franek

We can study invariance w.r.t. the reductive part

P := SL(k)⊗Spin(n) of the Lie group G =Spin(n + k, k)

• Spinor representation S of Spin(n)

• Trivial and standard representation C and Ck of SL(k)

FACT: There exists (up to multiples) a unique G-invariant diff. op.

Γ(G×P (C⊗ S)) Dk−→ Γ(G×P (Ck ⊗ S))

which in suitable coordinates corresponds to the Dirac operator in
several variables
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GEOMETRIC APPROACH P. Franek

• Operators are dual to Verma module morphisms Mp(V) → Mp(W)

• The affine orbit of the Weyl group of g gives a sequence of
morphisms forming the BGG graph.

IF n odd and such that n ≥ 2k THEN it is possible to describe
explicitly the sequence of operators recursively, using only
representation spaces of the type V⊗ S where V is a SL(k) module.

A conjecture is given for n even and it is similar.
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BGG SEQUENCE n odd, k = 1, 2, 3

· D1−→

· D2−→ =⇒ −→

· D3−→ =⇒ −→
⇓ ⇓

−→ =⇒ −→
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ALGEBRAIC ANALYSIS n ≥ 2k

• compact form of the system: Pkn(D)f = g

• associate module R2n

/Mkn, where Mkn = 〈 rows of Pkn 〉,
R = C[ ∂xij | i = 1 . . . n, j = 1 . . . k]

• we are interested in the free resolution (exact complex):

0 −→ Rβs −→ Rβs−1 −→ . . . −→ Rβ1 −→ Rβ0 −→ R4/M −→ 0

• Its dual is a complex of morphisms of free R-module:

0 −→ Rβ0 −→ Rβ1 −→ . . . −→ Rβs−1 −→ Rβs −→ 0
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DIMENSIONS

The complex is actually graded 0 → . . . −→ ⊕j∈NR(−j)βij −→ · · · → 0
βij 6= 0 only for finite i, j

Hilbert Series : Hkn(z) = 2n

∑
i,j(−1)iβijz

j

(1− z)kn
= 2n (1 + z)(

k
2)(1− z)(

k+1
2 )

(1− z)kn

BL
k :=

∑s
i=1(−1)iβiL = 1

L!
dL

dzL |z=0 (1 + z)(
k
2)(1− z)(

k+1
2 )

Weyl dimension: dλ
k = (λ+ρ)!

ρ! Πh , λ = (λ1, . . . , λk), ρ = (k − 1, . . . , 2, 1, 0)
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CONJECTURE n ≥ 2k

Conjecture 1. The dimensions of the spaces in the BGG and the
Betti numbers are compatible:

BL
k =

∑

λ=λ′ |λ|=L

(−1)σ(λ)dλ
k , ∀ k,L

where σ(λ) = L+d
2 is the number of boxes on and below the

diagonal of a self-conjugate Young diagram λ with L boxes

σ( ) = 7 is the distance from the first space in the BGG
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ATTEMPTS

BL
k =

min(L,(k+1
2 ))∑

j=max(0,L−(k
2))

(−1)j

((
k
2

)

j

)((
k+1
2

)

L− j

)

d(λ1,...,λk,0)
k+1 = c(λ, k)d(λ1,...,λk)

k

• We tried recursive formulas, hypergeometric expansions... ??

• In particular it is hard to use induction on L for the RHS of C1

• Experimental evidence for 1 ≤ k ≤ 6 and all relevant L
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CONJECTURE (n ≥ 2k)

Conjecture 2. The geometric sequence constructed is a complex.

Motivation: The algebraic sequence is a complex by definition!

• If we also prove that they are exact, than they coincide because of
the uniqueness of the minimal free resolution

• IDEA Use the radial relations satisfied by the Dirac operators

• I. Sabadini, F. Sommen, D.C. Struppa, The Dirac complex on
abstract vector variables: megaforms, Exp. Math., 12 2003, 351–364.
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IDEA

Special cubic non commutative polynomials: rij` := [{∂i, ∂j}, ∂`].

Radial algebra: associative algebra R = 〈∂1, . . . , ∂k〉 satisfying the
radial relations rij` = 0, e.g.

∂1∂2∂3 = ∂3∂2∂1 + ∂3∂1∂2 − ∂2∂1∂3 and ∂2
i ∂j = ∂j∂

2
i

• There does not exist a proper theory of Gröbner bases for the radial
algebra, but there is a normal form for monomials in R

∂i1 · · · ∂is · ∂2
j1
· · · ∂2

jt

ia 6= min(ia, ia+1, ia+2), a = 1 . . . s− 2, and j1 ≤ . . . ≤ jt
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ATTEMPTS an algorithmic approach

· D3−→ =⇒ −→
⇓ ⇓

−→ =⇒ −→

• write a projection of gbc...e = ∂bgc...e or gabc...e = ∂a∂bgc...e onto one
of the spaces Wλ ⊗ S where gc...e comes from a previous space in the
graph.

• use radial relations to rewrite
∑

∂a∂b∂cgd...e
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