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OUTLINE

1. The Dirac complex: a commutative approach

2. An idea inspired by the De Rham complex

3. Megaforms and radial relations

4. The calculation of Dirac syzygies using CoCoA

5. Conclusions
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DIRAC COMPLEX

Clifford algebra: C, = (e1,...en | €iej +eje; = —26;5, 1, =1...n)
real variables zy,...,z2, € R", z, = (%1,.--,%in), t =1...k

differentiable functions f: (R*)* — C,

[ . 8 ’_
Dirac operator 0, =) . €iger t=1...k

Dirac System defining monogenic functions -
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ALGEBRAIC ANALYSIS | of the Dirac system, using

R:(C[Zlfll,...,a?kn]
_ _ (0 0
D__Z(a:—n""’@>

P € Mat (f.9n) x on (1) symbol matrix
compact form of the Dirac system: P(D) f=gq
we study algebraic properties of M := coker(P")

— compatibility conditions of the dirac system = syzygies of M

More in general we are interested in the free resolution:

0— R% — R9— — . — RO RPN — 0
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ALGEBRAIC ANALYSIS | of the Dirac system, using

RIC[aﬁll,...,ZEkn]
D=—i(2,..., )

P € Mat (f.9n) x 2n (7)) symbol matrix

compact form of the Dirac system: P(D) f=gq

we study algebraic properties of M := coker(P")

— compatibility conditions of the dirac system = syzygies of M

More in general we are interested in the free resolution:

0 — R¥Pe _  R2"Pecn LR L R0 M 0
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ALTERNATIVE

Forms on R™: Fy = C>®(RF), F| = C®°(R*) @ AY(RF) ...
a 1-form is gidx1 + - - - + grdxi
differential d = 2-dxy + - - + 32-dy,

this construction leads to the De Rham complex :

0—F-“r-YE.. “F | -“F —0
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IDEA

Use the radial relations for Dirac derivatives:

H:aﬁivagj}?age] — O

Radial algebra: associative algebra R = (0, ,...,0z,)

satisfying the radial relations, e.g.

8§1 822 8§3 — (9£3 8§2 8§1 + 8§3 a£1 a§2 o 8§2 8§1 8§3 )

Loy 4"

P Oy, = 03,07
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IDEA

Use the radial relations on Dirac operators:

{0:,0,},0¢ = 0.

Radial algebra: associative algebra R = (01,...,0k)

satisfying the radial relations, e.g.

010203 = 030901 + 030102 — 0201 05.

020y = 0502,
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MEGAFORMS k=3, n>5

linear megaforms D!, D}, D%, i€ N

quadratic megaforms: D%, D%,, D%, D% ... i€N

Fy = C*((R")%,Cy)

d° = D?@l + D882 + Dgﬁg : Fo — Fy

Fi: Dygi + D3g2 + D3gs, gi € Iy

d' = D101 + D302 + D303+ D1,0,01 + Diy010s + D3,0201 + -+ + -+ -

Fy = Dihyi+ DYho+ Dihs + Dijhi1+ Dishia+ D3ihot + -+ -+ Dishss
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ALGORITHM

- reduce d'd’ = 0 using radial relations — find relations on

megaforms

- reduce d'g; = 0 using the relations on megaforms — find first

syzygies, define gy = d'¢;

- reduce d¥ d¥~! = 0 using radial relations — find (further)

relations on megaforms

- reduce d" gy = 0 using the relations on megaforms — find Nth
syzygies
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EXAMPLE | k=2

d'd’ = D11 D10} + D19D 1010501 + D21 D10207 + Doy D050, +
+D11D30705 + D19D20105 + D21 D2020102 + Doy D203 = 0
|

(Dg1 Dy + D11D3)0207 + (Day Dy + D15D3)01 05+
+D11 D103 + D13D1010201 + D21 D2020105 + D23 D205 = 0

l

D11D1 = D12D1 = Doy Dy = Doy Dy =0
D11D3 + D1 D1 = Dos D1 + D12Dg =0
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EXAMPLE | k=2 (cont)

d'g = D11D10ig1 + D11D207gs + D19D1010291 + D12D201029
+ Doy D10201 g1 + D21 D20201gs + DasD105g1 + Doy D203 = 0.
!

Doy D1 (8792 — 020191) + D12D2(0391 — 0102g2) = 0

compatibility conditions: 9%g, — 920191 = 0, 9391 — 01029
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CoCoA

GOOD: D3 D2 D1, DS 8, 03 05 03
—— relations on megaforms are squarefree polynomials in

Z3[D;'a Izﬁﬁ]

with decreasing superscripts!
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CoCoA
GOOD: D3 D2 D1, DS 8, 0505 02

!
[1[3,1]1[2,31q[1,2,3]1[0,3],[1,3,2,3,3]]

1[3,1]11[2,3]1q[1,2,3]11[0,3] can be reduced with Grobner Basis

[1,3,2,3,3] is reduced manipulating the list looking for squares and
triples (7, j,/) where ¢ < j and 7 < £ to a "normal form”

O, -+ 0. '8?1”'8%

tq 7 Min(ig,tq11,%q12), a=1...s =2, and j;3 <--- <
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RESULTS M = Fy = C®(R")*,C,)

k=2

megaforms: 0 — M!'—M? — M’ —M? —M' — 0

minimal: 0— M —M?2—M2—M —0

k=3

megaforms
0—>M1—>M3—>M8—>M16—>M21—>M15—>M3 —0

minimal:
0O— M — M3 — M3 —M?Z2—MS—M3—M — 0
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RESULTS M = Fy = C>*(R™)*,C,)

k=4
megaforms: 0 — M!'— M*— M?° — M —77
minimal: 0 — M'— M*— M?0 5 A6 5727
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CONCLUSIONS

1. Optimization of radial algebra reductions (C++ 77?)
2. Complexity is still exponential...

3. Grobner Bases for megaforms are HUGE (= 10?)
4. Resolutions obtained are not minimal

5. Minimalization of syzygies at each step is hard to code

due to non-commutativity

6. We reached the same point of the resolution for k£ = 4!
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